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ABSTRACT 


Binary sequences find increasing use in electrical 
engineering applications of ranging, time measurement and 
communications. A property of interest in these applications 
is the autocorrelation function of the binary sequence or 
pair of sequences. Of the pu possible sequences of length n, 
only a few have usable autocorrelation functions. There is, 
to date, no procedure known which will provide the sequence 
Mana ta speciric autocorrelation function. except for very 
particular cases. 

In this report, known properties of complementary sequences 
are reviewed. Almost complementary sequences are defined and 
the procedure to obtain them is outlined. A formula is 
derived for the number of different autocorrelation functions 
jn 


possible sequences of length n bits. A computer 
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search 1s implemented with the objective of discovering se- 
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@uences with desirable autocorrelation functions. 
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ERI NT RODUCTION 


This study is concerned with binary sequences and their 
Eeoccoprrelation functions. The objective is to obtain auto- 
correlation functions with sidelobe levels less than or equal 
to predetermined values. Sequences or groups of sequences 
which can provide this property are very attractive for use 
in systems whose performance depends on the autocorrelation 
Function magnitude. Such systems are used in communications, 
ranging and time measurement. The problem is to find these 
me@m@ences or 'socd" codes and the rules to construct them, if 
poem rules exist. 

A class of such codes are the complementary sequences. 
They are pairs of sequences with the characteristic that the 
EST their autocorrelation functions is a waveform that has 
no sidelobes. These sequences were first considered by 
M. J. Golay [Ref. 1] and further investigated by S. Jauregui 
[Ref. 2]. They are used here to develop a technique for con- 
structing another class of "good" codes, the almost comple- 


νο sequences. 


A. PLAN OF THE RESEARCH 


The efforts to solve the problem follow two directions: 
(1) Experimentation with the binary sequences and 
their properties, to find the rules which give desirable auto- 


Gomme lari1on functions. 
1 





(2) Computer search of binary sequences of several 

lengths to find the ones with small autocorrelation sidelobes. 
As a result the following were achieved: 

(1) Discovery of the almost complementary sequences. 
These are pairs of binary sequences which can be constructed 
using complementary sequences. Their autocorrelation functions 
when added have sidelobes of predetermined magnitude, polarity 
end position. 

(2) Discovery of codes of lengths <20 which have auto- 
correlation functions with sidelobes less or equal to one. 

For example, for length n = 20, only three such codes were 
τα for n = 15, none. The computer programs used here 
can be used to select codes with any sidelobe levels. 

Other results of interest are: 

(1) Derivation of the formula for the number of the 
different autocorrelation functions of all sequences of 
fenetn n. 

(2) Construction of computer programs which can be 
used in other cases as well. For example, an algorithm for 
Fresentomatie production of all possible binary numbers of 
E sn μας devised. This algorithm can be used to select 
codes having certain properties, such as codes with a fixed 


number of ones and zeros. 


ΠΠ OF THE REPORT 


Chapter II provides the necessary background by giving 


ELE tions and basic properties of the binary sequence 


1:2 





maa autocorrelation function. The formation of the autocorre- 
mation function en of a two level function v(t) is developed. 
Matched filters and their realizations are also discussed. 

Complementary sequences and their basic properties are 
reviewed in Chapter III, to form the basis for the material on 
almost complementary sequences. 

ln Chapter IV, the almost complementary sequences are 
defined, and rules for their construction are given. 

The formula for the number of different autocorrelation 
functions in all sequences of length n is developed in 
"pter V. 

Computer programs and their algorithms are discussed next 
mu hapter VI. 


Mater Vil gives a few applications. 
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Il. BACKGROUND 


In this section some basic concepts are discussed and 


definitions given as background material. 


mee BINARY SEQUENCE 


A binary sequence is a list of elements each of which can 
have one or two distinct values. These values are usually 
represented either by +1 and -1 or by 1 and 0. Often when 
the +1 and -1 convention is used, the ones are omitted and 
ο. and - are written. 


For example, sequence A can be written: 
ΠΟΤ ου ΑΞ 1] 111 


The number of elements in a sequence is the length denoted 
here by n. ror the above example, n = 4H. 

The voltage equivalent v(t) of a binary sequence is a 
time waveform where 1 is represented by a voltage level +V 
and 0 by a voltage level -V. 

ο πο sequence A = 1101, v(t) is given in Fig. l where 


ene bit duration. 
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Fig. 1. Voltage equivalent of a binary sequence. 


Metis study the 1,0 notation is used. Also, when 


sequence is used, binary sequence is implied. 


Pee ULOCORRELATION FUNCTION 


The autocorrelation function of a two-level, time-limited 


voltage v(t) is defined as the integral 


n (COME SE "UM 


R(t) is a measure of the similarity between a voltage or 
Signal and its phase shifted version where all values of time 
delay T are considered. 

The way to find the autocorrelation function R(t) of a 
5 sequence v(t), is to "slide" the sequence past itself 
ΙΙ, ΠΠΕΠῈ and left and at each position form the product 


of the sequence and its shifted replica. Then the area of 


159 





the product waveform is taken and this gives the autocorrelation 
of the sequence at this position. 

procedures 1llustrated in Fig. 2, by showing the 
Edere steps for two "shift" positions tT = 0 and τε. 

It can be seen from the equation for ie and ποπ πο. 
that when v(t) is a plece-wise constant function, Da DE 
be a piece-wise linear. The linear segments terminate at 
Múltiples of e, a bit duration. 

mera ntocorrelatión is an even function which has its 
maximum value at zt = 0. R, (0) glves the level of the main 
lobe. Secondary maxima are the sidelobe levels. For the 


example of Fig. 2, the mainlobe level is R, C0) = ηγ΄ε. 


Sidelobe levels are R C£) = . and R,(3€) = OE 
Actually the shape of the autocorrelation function of a 


sequence v(t) is obtained easier by letting v = 1 ande=l. 


Berzezemple, to form the autocorrelation function of the 


sequence A = 1101, the sequence is written and its delayed 
version is placed beneath. For example, t = 0 gives 
1 
l 
lo! 
! 
d 


In each position the elements of these two similar se- 
quences are compared. If they are the same (both zeros or 
ones) they form an agreement; if not (one zero, one one) they 
form a disagreement. The number of disagreements is subtracted 
from the number of agreements and the result is proportional 
BOmEnemaltocorrelation function at this position. Here there 


are only four agreements and the result is 4. 


Ie 








2 MEE) 





V C Or) 





-V € 


(c) RAT), icone er 


Fig. 2. Autocorrelation of a binary sequence. 


T5 





He shift is made as follows 


1 

1 

imo): 

1 
img 


and by the same method there are one agreement and two dis- 
agreements, so the result is -1. 


τινι». the next position 15 


! 


t 
dep. T 
1 
Bau. 
men gives 0. 
Bae next position 
WARO 
t 
l 


gives 1. 
πα σπα], thae last position 
' 
1101! 
11101 
always gives 0. 
mes, ches autocorrelation is an even function, pau = 
T). IE AS eonsidered. to provide a shift to the future, 
-T is a shift to the past. 
It is not necessary for the values given by shifting to 
the left to be written, because they are the same with the 
Bor ss resulting from shifting to the right. So, by convention 


the autocorrelation of the sequence Á can be written 


R(t) = 4,-1,0,1,0. 


Enu.Econvention will be followed in the rest of this report. 
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MATCHED FILTERS 


Some interesting properties of matched filters will be 
listed here. These properties are derived in the literature 
Ber. 3,4]. 

A matched filter is the best linear filter for detection 
of a pulse signal v(t) in noise. The impulse response h(t) 
of such a filter is a delayed, time inverted replica of the 
ο tt v(t) is the input to the matched filter, its impulse 


response is 


h(t) 


Mv[-(t-to)], t20 


h(t) 


0 τα 
where M = an arbitrary constant 


pe 7 time delay inherent in the filter. 


From linear system theory, the output g(t) of a matched 
κε 15 


+00 
g(t) = «f v(t-t)v ' a 


oo 


Mew. =| ΕΞ to obtain 


ο πο 


g(t) = “j v(A)vC-t*A*to)dAÀ 
^ + 
ov g(t) m] vOOV(-EdA 2 M RD 
where & = T-TO. 
The output is maximized when £ = 0 or t = τς, 


It is concluded then, that the output g(t) of the matched 
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mercer is the autocorrelation function of the input. Bo 


Mmeeustrates the concept. 





Matched 
Pater 


h(t) 










v(t) g(t) = τ: 


Fiere Matched eu ten. 


Matched filters for two-level voltages (binary sequences) 
can be realized by tapped delay lines or shift registers as 
shown in Fig. 4. The tapped delay line realization uses in- 
verters at these positions where a zero element occurs in the 
sequence. The shift register realization uses a reference 
register where the original sequence is stored. This can be 
a read only memory (ROM) for example. Another register 
receives the input sequence v(t). 

Nose realizations, +l units of current flow through 
the load resistor Ry for each element of the input sequence 
that agrees with the "stored" sequence. And -l unit of current 
flows through R. ror each element of the input sequence that 
disagrees with the "stored" sequence. The net output current 
through R, (and voltage across δι) is proportional to the 
number of elements which agree less the number of elements 
which disagree. The output g(t) is, therefore, a measure of 
the autocorrelation function of the input sequence. 

Since the systems of Fig. 4 perform a discrete comparison 
and summing instead of multiplication and integration, then 


g(t) is a discrete version of R(t). For example, the sequence 


ZU 





go απ 





(a) Tapped delay line 


prm 





L 


(po ους pesister 


Fig. 4. Matched filter realizations. 


ZH 





1101 has the autocorrelation function shown in Pig. 2, whereas 


the output gat) of the diserete matched filter corresponding 


ου οἱ is as shown in Fig. 5. 





eto. Diserete matched filter output. 


For a sequence of n elements, the peak output is n units 
Seevoltage. It is clear then, how signal detectability 
improves as n increases. 

All binary sequences Have autocorrelation functions with 
sidelobes of various values. The sequences of interest are 
the ones with either small or negative sidelobes. The 
problem is to find these sequences. 

The next section addresses the issue of forming a pair of 
sequences or codes, which when processed with matched filters 
and the outputs added, yield a waveform with one mainlobe and 
no sidelobes. This scheme provides good detectability of 


binary sequences. 
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ieee COMPLEMENTARY SEQUENCES 


This section reviews complementary sequences and their 
basic properties. 

A set of complementary series is defined as a pair of 
equally long, finite binary sequences which have the property 
that the number of pairs of like elements with any given 
separation in one series is equal to the number of pairs of 
unlike elements with the same separation in the other series. 


For example the two series: 


A = 00010010 
pee ους οἱ 
are complementary. In A there are three like elements (denoted 


by £ below) separated by one element. 


97070 L 0,0 1 0 


In B there are: 
two tel OL 
LL L 


three unlike elements (denoted by u below) separated by one 


element. 
Similarly for all possible separations the number of like 


elements in A and unlike elements in B are as follows: 


2 





Number of Number of 


Separation Likes in A Unlikes in B 
1 3 3 
2 3 3 
3 4 4 
+ 2 2 
5 2 2 
6 n l 
7 dk 1. 


Series having the complementary property were conceived by 
Marcel J. £. Golay in connection with the optical problem of 
ee eared multislit spectrometry [Ref. 1,5]. 

Complementary series have interesting autocorrelation 
mmer ons. If the autocorrelation of each sequence is taken 
and these two autocorrelations summed, the result is zero for 
mem εερεττο At t = 0, the sum is twice that of either 
sequence. Therefore, the sum of the autocorrelation functions 
has one main lobe and no sidelobes. 


For example, consider the sequences or codes 


A = 00010010 


ορ ος 


UJ 
I 


Sequence A has autocorrelation function: 
R (z) A a UU O O: 
Sequence B has autocorrelation function: 


S 1.0. 3,0, 200, 21,00. 
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fies sum is: 
ELE (059860) = 16, 05 0, 05 0, 0, 0, 0, 0. 


This property can be treated in equation form as follows: 

Let a; and b; (1 = 1, 2, ----, n) be the elements of 
two sequences A and B each of length n. Assume a; and b. Eu 
be either +1 or -1. Then the respective values of the auto- 


Perrelation functions will be 


He " 
T 


ο Il 
it 


ποσα. 


> 
pa 
0 
O 
O 
Ult. 
Il 
O 


A 
Il 


= τω; Da 


NIS ecsss=»y and sufficient condition for the pair of 


sequences to be complementary is: 


O 

le 

A 
Il 


Ü or  Ὁ 


and ©, + d; 2 o as 0. 


where jJ ranges from -n+l to n-l. 


Gta expanded form, 


n- 
: b; Dr 


n 

> : E. J 0 
L a; +; + ONO z 

i i- 


η. τος 8- 


2 





When the elements of the sequence are 0 or 1, then the 
mecocorrelation function is obtained by modulo-two addition. 
Mathis case the necessary and sufficient condition for the 


series to be complementary is that 


ng no 
Y (8.6 as) = 2 (b. @ DET Q T OS lb xat 
s 1 


This complementary property can be tested experimentally 
by using matched filters since the output of a filter matched 
ο τες input is the autocorrelation function of that input. 
Mts realization is shown in Figure 6. The output of the 


system of Figure 6 1s shown in Figure 7 for the complementary 


sequences 
A = 111-1 
B = 11-11 


Ewe CENERAL PROPERTIES 


1. Number of Elements 
The number of elements in two complementary series 
αι“. If they were different, the pair of extreme elements 
of the longest series would remain unmatched by an unlike pair 


Sf elements with the same spacing in the other series. 


2. Symmetry 


Two complementary series (A,B) are interchangeable (B,A); 
ο ose can take Ehe place of the other. This results from 
the symmetry of the definition with respect to two complementary 


Bees: 
26 





Matched 


Filter 





Ry (tT) + Rat) 


Matched 





Enter ὁ R(T) 


Scheme for testing the complementary property. 
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3 Ry Ct) + Ra (T) 





Fig. 7. Analog matched filter processing of 
two complementary sequences. 
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Di Beguence Length Even 


A necessary condition for a sequence pair to be com- 


plementary is that their length n be an even number. 


4. Sequence Length Sum of Two Squares 


Another necessary condition for a pair of sequences 
pube complementary is that their length be the sum of the 
squares of two integers. The proof was developed by 


5. Jauregui [Ref. 4]: 
9. transformations 


r s sloe pair of complementary series can be the basis 
for the construction of 64 pairs of complementary series. 
a. Order of Complementary Sequences 
Denote the reverse of A by AL: POR TE 
Meee = 1110, then A, = 0111. The order of the elements of 
either or both of a pair of complementary series may be 
reversed. This follows from the fact that by reversing a 
sequence its autocorrelation function remains the same. The 
meoot 1s developed in Section V. 
b. Complementing the Sequence 
Denote the complement of A by A. For example, if 
A = 1110, then A = 0001. One or both of a pair of complementary 
sequences can be complemented—putting zeros in the place of 
ones and ones in the place of zeros, without affecting their 


complementary property. This follows from the fact that by 
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complementing a sequence, its autocorrelation function remains 
the same. Section V provides the proof. 
c. Complementing Elements of Even Order 
Denote the complement of the even order elements 

of A by E For example, if A = 1110, then A, ΌΤΙ 
plementing the elements of even order in each sequence—putting 
zeros in the place of ones and ones in the place of zeros, does 
not affect their complementary property. 

t is concluded from the above properties that a single 
Pair (A,B) of complementary sequences can be the basis for the 
Mens truction of 2 = 64 pairs of complementary series (some of 
which might be identical) by either performing or not performing 


five following six operations: 


a. Interchanging the sequences. 

b. Reversing the first sequence. 

€. Reversing the second sequence. 

d. Complementing the first sequence. 
See complementing the second sequence. 


Fh 


Complementing the elements of even order of each 
sequence. 


As an example, consider the complementary pair A = 00010010 


and B = 00011101: 


Applying a gives B = 00011101 and A = 00010010. 


Applying b gives E 01001000 and B = 00011101. 


TOTO, 


A 
pins C gives A 00010010 and B. 


EEUU IS cS DB 


Ti 
II 


Applying d gives 
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A ae e gives A = 00010010 and B = 11100010. 


Applying f gives A, ang B. ο Ιου. 


By applying the above properties propenly the (Oma ier 


pair can be reproduced: 


ΠΤΙ and A = 00010010 


B ΤΕ ΓΙ and A = 00010010 

pe zoo T ago and A. * 01001000 

B zum e ud A, 07.00.2009 

> = ce = 7 A = = 

S. A 00010010 and ΠΝ Β πρ η. 


The last pair is the same as the original one. 
6. Allowabie Lengths 


Since, as was mentioned before, the number of elements 
in complementary sequences must be even and equal to the sum 


of two squares, the allowable sequence lengths up to 50 are 
es Dis Base ae ΞΕ, το’... 0, 50 


Eees been verified by trial, though, that complementary 


sequences for length 18 do not exist. 
7. Hamming Distance 


The Hamming distance of two binary sequences A and B 
Memdesined as the number of positions in which these two 
binary sequences differ. This can be written in modulo two 


Metation as follows: 


Sal 





Bor 


ls 


Now 
proven that 


ror 


has Hamming 


DIA ES a; OB. 


example, the Hamming distance of the two sequences 


Pen‘ 
- jir 
ql 
Bg ua O b. s Cl + 0+ 1 * 1) = 3 


for a complementary pair of sequences, it has been 
their Hamming distance is always = E BEL 


example, the complementary pair of length n - 10 


A 


UNO 


B 


OOOO WO i) 


distance 


η 


DCA B) = = R 


8. Kernels 


A Kernel is a basic length sequence which cannot be 


decomposed into shorter length sequences. The shortest 


possible complementary pair is ll and 10. This pair or any 


of each transformation, which was mentioned before, is called 


a kernel of length two or a quad. 
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Some possible Kernel lengths are 


Ae. 3h. 50. 


Bonrsght be the case, though, that complementary pairs for 
ΕΕ of them do not exist. For example, lengths n = H and 
n= 8 have complementary pairs, but are not Kernels because 
they can be constructed from n - 2 and n = H sequences 
respectively. 

Among all the above mentioned Kernel lengths, it has 
MU vebrfied by M. J. Golay that n = 18 does not exist. 

Also, it has been verified by S. Jauregui [Ref. 2] 
through exhaustive computer search that for n - 26 only the 
Kernel shown in Table I exists, not taking into account all 
allowable transformations. 

For n = 34 a non-exhaustive computer search by 
S. Jauregui revealed no Kernel. An exhaustive computer search 
was not possible, due to the great computer time required. 

It is possible, however, that a complete search for 
n = 34 could be achieved in the future, using new techniques. 
Mee following table shows the Kernels of n = 2, 10, 26, 
ignoring allowable transformations. 


Table I 


Kernels of Length 2, 10, 26 
Number of 


n Kernels A Sequence B Sequence 
2 ] Le I 
10 2 1007070007 TIGHT CNN 
DIETE IO) JE 0000100110 
26 il ono en SS ANO OOO ITA TE 
00171019 OOLTLOTLO 


oo 





Note: (a) The possible Kernel of n = 18 does not exist. 


(b) Partial computer search for n = 34 found no 
Kernel. 
9. Number of Ones in Complementary Sequences 


S. Jauregui showed [Ref. 2] that the equation 
n = (n-p-q)* + (p-q)2 


holds for two complementary sequences A and B of length n 
where p is the number of ones in A and q the number of ones 
En B. 

This leads to the conclusion that the number of ones 
in each of the sequences of a complementary pair cannot be 
arbitrary, but has to satisfy the above relation. 

For example, for complementary sequences of length 


n = 2 the number of ones in A and B can be respectively 
either (2, 1) 
ELS 

EC SYNTHESIS 


— the sequences A,B are complementary, they can be used 


to generate other complementary pairs as follows: 


Cae Ff A = a) ας oa eon 
B = b b, Da ο b, 


are a complementary sequence οι ο t hon Lopes e s 


34 





are also complementary. 


For example, consider the complementary pair: 


A = 0001 with autocorrelation Ra CT) ETA 


B 


0010 with autocorrelation Rat) A 


m 


Then the sequences 


Ea) 
I 


5 150610 


y 
H 


ΠΤΙ 


are also complementary with autocorrelation functions 


ENSIS 9-1, 9, 3, 0, 1, 0,1, η 

DNO 3. 1, 0, -3, 0, -1, 0, =1, 0 

Cc tr A = a, a, à4 ----a, ια ἃ, 
ren 


are a complementary sequence pair, then the sequences 


Are also complementary. 
For example, consider the same sequences 


A = 0001 


B 0010 
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The sequences 


O 
T 


00000110 


J 
I 


0701700117 


are also complementary with autocorrelation functions 


Rat) 


li 
OO 
` 
CO 
` 
e 
ω 
pa 
` 
O 
` 
I 
H 
O 
` 
pa 
` 
e 


II 
00 
` 
i 
WwW 
` 
O 
` 
| 
Ha 
` 
© 
ω 
pa 
` 
o 
v 
I 
pa 
` 
O 


ROT) 


(c) If (A,B) (C,D) are two complementary sequences 


Pairs, A of length n and C of length n, then the pair 


d d d 


DE ho T Nh nn Bed en 


< 
II 


A BB pa 


is also complementary, where if an exponent is one the A or B 
sequence is left unchanged, whereas if the exponent is zero 
the A or B sequence is complemented. 


For example, consider the complementary pairs 


en 

EN 210 
and 

ενω 

D= Fol., 


Then the pair 


DOO T FD 


< 
H 


Mc ADO TOTO 


S 





is also complementary with autocorrelation functions 


p 


II 
00 
w 
CO 
` 
O 
` 
te 
- 
© 
` 
I 
pa 
` 
O 
` 
— 
“ 
© 


R a 3 0 1, 0, 1, 0, -1, 0. 
2 

The above methods make possible the generation of comple- 
mentary sequence pairs of greater lengths than the original 
ones. They can be applied in succession to generate very long 
sequences which are very useful in many applications. 

For example such a complementary pair used in a communica- 
tions system with matched filter processing like that of Fig. 6 
can improve signal detectability in the presence of considerable 
noise since the summer output voltage will consist of a large 


Eun Lobe and no sidelobes. 


ee PDbEMENTARY AND CYCLIC COMPLEMENTARY SEQUENCES 


Complementary sequences are subsets of two larger sets, 


namely supplementary and cyclic complementary sequences. 
1. Supplementary Sequences 
Consider two sequences 


πε 


τα 


b; 52 D3 on n 


UJ 
I 


oU 





I = a E] 
II = m 777-85 

III - 54 b. Bo =D. 1 
i= D Ὅλο SD, 


The expression of the sequence pair A, B in the form 
EEUU. III, IV) is called sequence quadruple. Supplementary 
sequences are quadruples of sequences with the property that 
the total number of likes at each spacing equals the total 
number of unlikes at the same spacing. 

In terms of their autocorrelation function, the sum 
Mine four autocorrelation functions is zero any place but 
T = 0, where it is four times the length of the sequences. 


mor example, 


A = 1001010001 


juo 0/0 19) 0 ᾳ 


πα ιτ CI. II. PII. IV) form gives 


In cU 
- 10110 
IM O Ol 


I EDD. 


SI 





Ihe new sequences (I, II, III, IV) have autocorre- 
Matzon functions 


EP OT Der eq ΠΠ 
Αττίτ) mo ^c E το ῃ 
A '..2 Το 


0425. o> 0, 1, 0, 1, Ox 


Me SUm Of the autocorrelation functions is 


Σ RC) + Ἀττίτ) + Ἀτττίτ) Í Rig CU) 


II 
NO 
c 

`x 
O 
`x 
O 
" 
O 
v 
Em) 
“ 
= 


In this example the sequences A, B are complementary. 
In general they do not have to be though, since the supplementary 
sequences are a larger set. This is illustrated in the following 
example. 
tons der 
uer) LO Ome L 
re aod ror UL 
ιτ 0001) Too 
TE TOOT TOMTE 


meen autocorrelation functions 


EG) = O, Ῥππ, -5. -7..--, Ὁ 

Ἀττίτ) O A "-...-1--.8 
= Q E 

Ἀτττίτ) O PS A A A al) 


π᾿, τ. O 





The sum is 


par a= Ἀτίτ) + R,-(T) + Ἀτττίτ) t Ατγίτ) 


which is zero except at the position t = 0, where it is 36. 


ss s i nos (T. IT ITT, IV) the sequences 


A, B can be constructed 


zu 0001) dS DO DTE DT () T6) 


B - 000101100111000000 


In this example neither the A, B sequences nor 
the (I, II, III, IV) ones are complementary, which demonstrates 
the fact that supplementary sequences are a larger set. 

Figure 8 gives another example of the supplementary 


Mroperty . 
2. Cyclic Complementary Sequences 


In general a cyclic sequence is a never ending periodic 
sequence of zeros and ones which has period of n elements. A 
cyclic complementary sequence pair is a pair of cyclic 
sequences, each of period n, where the number of likes in one 


sequence equals the number of unlikes in the other one, for 


all possible spacings. In equation form 
n n 
me noa. Gua o. ο δ ον NE DATS a 
= . ERE 
I] L n-jtl 14] L n-3+1 


In terms of autocorrelation functions the sum of the 
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E) 


Fig. 8. The supplementary property. 
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BNO periodic autocorrelation functions is zero except at 
Meek, where k = 0, 1, 2, 


For example, the cyclic complementary sequences 


A 


ΠῚ DOSE 1010011; 


B 


BIS ISO 200/900 31 0.. 
have periodic autocorrelation functions 


RACU ο UE 0s 0.70.0 3% 


Ro CT) S 8, > 0, 0, 0, 0, 0, Ets 9, 


me sum iS 


L = Ra CT) πε R,(T) = 108 05702005205 (05. A A SEOs 


Figure 9 demonstrates the above example. 

Complementary sequences are always supplementary and 
cyclic complementary, but the opposite is not always true. 
Supplementary and cyclic complementary sequences constitute 


larger set. 


4 2 





Ra tT) + Ra (T) 





D  Theueyclic complementary property. 
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IV. ALMOST COMPLEMENTARY SEQUENCES 


Complementary sequences are attractive for use in communi- 
cations and ranging systems because the usable receiver output 
voltage has no sidelobes. Sequences providing "small" side- 
lobes compared to the main lobe may also be useful in some 
applications. 

It may even be desirable to have a small sidelobe at a 
known position and level. For example, such a sidelobe can 
be used to measure doppler as shown in Section VII. 

Two binary sequences whose summed autocorrelation functions 
exhibit two small sidelobes are called almost complementary in 
this report, since they exhibit properties similar to comple- 
ΤΙ 5Ὸν sequences. 

It should be noted that there are many sequences with small 
sidelobes, but the ones of interest here, are those for which 
certain rules hold. By applying these rules, the magnitude 
and position as well as polarity (positive or negative) of the 
sidelobe can be precisely predicted. By knowing these rules 
almost complementary sequences or codes can be constructed. 

An extensive search for "good" almost complementary 
sequences was made. As a result, it is possible to list general 
rules for constructing almost complementary sequences with pre- 
Be Die sidelobe levels, polarity and position. There is a 
distinction between positive sidelobe and negative sidelobe 


sequences. 


μη 





EEES TTIVE SIDELOBE SEQUENCES 
Here two cases are developed. 


1 
1. Sidelobes = 5 K Away 


If A, B are complementary sequences of length n and 


που sequences C and D of length K - 2n are formed as 
follows, 

C = AA 

D = BB 


eee um or the autocorrelation functions of C and D gives only 
two positive sidelobes of magnitude half that of the main lobe 
+ 1 
at T = -= > K. 
For example, if n = 8, then K = 16 with the main lobe 
+ 
level of 16, and sidelobe levels of 8 at T = - 4. 


For example, consider the two complementary sequences 


er Length n = 4, 


A = 0001 


PF 210272, 
Enedsconstruet the almost complementary sequences 


C = AA 00010001 


EIOS TUS 


U 
" 


having autocorrelation functions 
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δο(τ) E το CU mss ^on Roe «0 o Tos B 
ο ο νυν 0ο. 
Adding glves 
LEO C000 O ο 8 


So there are only two positive sidelobes with levels half the 


meet ot the main lobe and at a distance τ 


Figure 10 illustrates the above example. 


+1 
2 


28. 


K 


Constructing C - AA, 


32 with auto- 


Another example is 

Du SUUOOTSOSOTTTOQUIO 

ea SIUE DTI PES, 
A, B are complementary of length n - 16. 
D - BB gives 

το EO 1090039 0999890 0.1] 999 D. ]-0 

Ε -- ο 1722701T7097103090 T1] 103501391 
C, B are almost complementary of length K - 
correlations 


i 


Re CT) 


Ry ft) 
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and sum 


à = Ἀρίτ) + Ry (7) O DAA OO 0, 


Fach main lobe level 64 and positive sidelobe levels 32 at 
+ : 
m= —- 15 aS predicted by the rule. 


For this example, the IBM-360 computer was used. 


+ 


2 
Zee sidelobes 3 K Away 


Let A, B be complementary sequences of length n. Let 
À be a new sequence generated by taking only the > ias ο ας 
; : n i d 
Eg WNotruncating A after its = first digits). Also let B De a 


n 
Me sequence generated by taking only the y first digits of B 


as ic ring B after its 5 first disits) Also let A, ἢ be 
complementary of length τ Then the new sequences of length 
i = ¿E _ sn 

=n 2 7 75 are 


and C and D are almost complementary sequences. The sum of 
their autocorrelation functions has two positive sidelobes 
only of magnitude Ξ that of the main lobe and at τ = : - Ie 
In this case there is an improvement relative to the previous 


case in that the sidelobes are smaller compared to the main 


lobe and farther removed from the main lobe. 
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The sequences A, B of length n can be constructed by using 
two complementary sequences of length 2 according to the rule 
in Section III.B(a). Then the sequences A, B are always 
complementary. For example, consider the two complementary 


Sequences of length n = 8 


A 


Cee ea i 


B 


ΙΙ 


The new sequences of length 12 are 


ς - Αλ 


D = BB 


000111010001 


E 0010000100 


With autocorrelation functions 


A A ll eee 


A ee O AOS 


Rpt) 


and sum 


Σ = Ra(t) + Rpt) A ον ο ος πα, 


With main lobe level 24 and sidelobe levels 3 (24) = 8 at a 
distance + = | 8. 

This example is illustrated in Fig. ll. Another 
example is 


0160100000 1110105060 100611100010 


„> 
u 


ο 9.2.0.000.002°7.7202707207770001 7207 


UJ 
ti 
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16 Raft) Í δρίτ) 


Fig. 10. Positive sidelobes at r = 
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SD are complementary of length n = 32. 


The new sequences of length K = 48 are 


C = AA = 01001000000111010100100011100010 


0100100000011101 


ο 
H 


A 01009 OTIO TECTORIO 


ο ΟΡ O09001 


MER autocorrelation functions 


Re CT) Ξ 48, L; 2, 3; 0, . -2, Ihe 0, 3, =, Ὁ» 0: 
ο ο αρ (OGM ο νο 2504. πω. 
ο τος A ΤΊ, ον ος σα 
Jom. ο ος ο ο ο τς 8 

Rp ft) ΑΠ τ ο νο ο LS ie 


AO E ^ GESTOS. Sl 53} 


and sum 


5 = R(t) + Ry(t) = 96, 0, 0, 0, 0, 0, 0, 0, 0, 0, 


1 
The main Lobe has level 96 and the sidelobes have levels 3 (96) ΞΘ ἽΝ 


at a distance T = : Ξ 48 = Í 32 as poeedi ered Dy ene rule. 


S0) 











Re (τ) 


= 


V | νν -” 
Bou 


ROT) + Rpt) 





BEA. Positive sidelobes- at Tt = 


ol 





Here also the IBM-360 computer was used because of the 


length of the sequence. 


be NEGATIVE SIDELOBE SEQUENCES 


Here two cases are developed similar to the ones considered 


before. 


1 
l. Sidelobes = 7 K Away 


If A, B are complementary sequences of length n and the 
new sequences C = AA and D = BB of length K = 2n are formed, 
where A, B represent the complements of A, B respectively, then 
the sum of their autocorrelation functions givestwo negative 
sidelobes only with magnitudes half that of the main lobe and 


È 


. + 
at a distance T = - > K 


For example 


A 


μυ 


Β TO 


are complementary. Then 


C = AA 


ο μυς ἜΠΗ 


om ss 


OOO 


are almost complementary with autocorrelation functions 


T 
ορ 
` 
l 
CO 
` 
C 
wu 
CO 
M 
l 
E 
Mw 
I 
` 
(em 
` 
ἰ 
pa 
M 
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RQ(T) 


li 
CO 
“ 
CO 
` 
O 
v 
l 
ω 
` 
l 
f= 
v 
i 
F 
“ 
O 
“ 
pa 
“ 
O 


Rag CO 


EM 





and sum 
NE x Ἀρίτ) us Rpt) πο ο. Oar Oe ea ee ο au: 


Here the sidelobes are negative with levels half that of the 


tly. 


. ii 
main lobe at T = 2 a f = D 


2 JT Ss Ms treated 
Brig. 12. 


Another example, for which the IBM-360 computer was 


used is: 
25 0002.007077300070 
BE Z020007172073071717 
A, B are complementary of length n = 16. Constructing 


oe, > = BB gives 


POMBO OA WOO ΠΛ ΟΛ ΟΗΕ n) le 


CSCO Cr PO Oa Eo Oe eno ce 


> 
ii 


Sequences C and D are almost complementary of length 


IS ich autocorrelation functions 


RAT) E SU στ το. το O O: aa 


ο ο 00 ος ο ο ο E ο το. 


53 








igh Re ft? + RAT) 





-8 


Fig. 12. Negative sidelobes at tr = 


54 





and sum 


E A E OOO ο ο ο ο. 


With main lobe level 64 and negative sidelobe levels 32 at 


+ : 
f= — 16 as predicted by the rule. 


2 
2. Sidelobes = 3 K Away 


Let A, B be complementary sequences of length n. Let 
A be a new sequence generated by taking only the complement of 
the Ε s digits of À. 

Let B be a new sequence generated by taking only the 
complement of the 3 Gimsredigits Of BaaeAlso, let MB be 
complementary of length oe Then the new sequences C = AA and 
ESERE of length K = n + 5 Ξ A will be almost complementary 
and the sum of their autocorrelation functions will have two 
negative sidelobes only with magnitudes one-third that of the 

En? 


main lobe at t - - 3 xs 


For example, 


A = 11101101 


Γ O11 L000 


are complementary sequences of length n = 8. The new sequences 
δν = 111011010001 and D = BB = 101110000100 of length K = 12 


are almost complementary with autocorrelations 


ο 





I 
pp 
n2 

i 
pp 
O 
(= 
O 
i 

er 
O 
pp 
| 
E 
i 
| 
O 
pa 
O 


δο(τ) 


I 
pp 
NO 
I^ 
O 

i 
ps 
O 
pp 
O 
i 

I^ 
i 
+= 
| 
O 

i 
= 
O 


Ry CU 
and sum 


O IR ον ο ο ο ο ο ο 80 0, 


The only sidelobes are negative with level = ΘΓ 


το t? + : : : . : 
zo E 3 aM o his is ar Kustrated in nie, 


Another example obtained with the use of the IBM-360 


computer is 


L 09 700.09100 17177070 700700017779 090 
EZ 780 TDOBDOOTTLETLOTLOTV LFAHOTL TOT 
peace Complementary of length n = 32. The new se- 


quences of length K = 48 are 


A AUDITION OA η ΡΟ ος 


AR 


AAA OO 
B = BB = 1011100011101101101110000001001001000 


117000250707 


The sequences C and D are almost complementary with auto- 


correlations 


Re CT) = eS. =e bee cous be ere tae Ue, b. mE, 








21 Rot) + Ry {t) 





-8 


i+ 
Qo | ho 
A 


DS... Negative sidelobes at r -> 


5 7 





Rpt) ο ου ο. ον ο οι ο. DN] 6. 1. 0. 


and sum 


with a main lobe level of 96 and negative sidelobe levels of 
mat τ = B tas predieted by the rule, 

In signal detection applications almost complementary 
sequences with negative sidelobes offer better noise immunity 
than those with positive sidelobes. The negative sidelobes 


can be removed with an envelope detector. 
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V. NUMBER OF DIFFERENT AUTOCORRELATION FUNCTIONS ΤΝ ALL 
BINARY SEQUENCES OF FIXED LENGTH 


Binary sequences useful for communications or ranging 
purposes have autocorrelation functions with small sidelobes. 
Small can be defined in terms of a predetermined level. 

How can these sequences be found? At present, the only 
way to find these sequences is to form the autocorrelation 
functions of all possible sequences of a given length and 
then select the desirable ones. This is a tedious task 
Specially for long sequences, since there are DEM 
binary sequences of length n. However, as shown in this 
section, many of these 2! sequences have the same mu 
en elation function. 

In general there are four sequences of given length which 
have the same autocorrelation function: 


1. The sequence itself. 


2. The sequence obtained by reversing the original 
sequence. 

3. The sequence obtained by complementing the original 
sequence. 

4. The sequence obtained by complementing and reversing 


the original sequence. 


For example, consider the sequence of length n - 4: 


Pee OL 
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Reversing A gives 


n. το B. 


If A is complemented, results in 


A - 0010 - C. 


If A is reversed and complemented, gives 


zu - 0:00 =D. 
T 


Menee sequences A, B, C, and D have the same auto- 


@orrelation function 


R ACT) IT SS CT) E RACE) E --1.- 05 "3-05 


B C D 
These results are easy to prove. Consider each case 
separately. 
1. When a sequence is reversed and its autocorrela- 


tion function taken, this is exactly the same as if the auto- 
correlation function of the original sequence was taken, 
since the formation of the autocorrelation function can be 
considered as being accomplished by "sliding" the sequence 
ου 5616 either to the right or to the left. So, "sliding" 
Beene right for A is equivalent to "sliding" to the left 
tor An 

2. The autocorrelation function of a sequence is 
generated by forming products and adding them. The general 


form of one of these products is 
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ο 
a; and a, can have the values 
a, = l] or -1 
a. = l or -1. 
y 


Here the values 1 and -l are used since multiplication is 
considered in the formation of the autocorrelation function 
(if modulo 2 addition were considered, the values 1 and 0 
would be used). 


Now the possible values of the product a; a, are 


a; a; κ) = 1 


oa. = A) GEL) = -1 
T ] 

aaa. = (=1)(1) = -1 
1277 

ema. = C=1)(-1) = 1. 
vs) 


If the sequence is complemented, 1 is replaced by -i, and 


-1 by 1. So the possible values of the product a, a. are 


J 
respectively 
EE cem(-ry- 1 
13 
enemas =o(1)(-1) = -1 
| 
aw a. a. = (1)(-1) = -1 
Tv 
SIME NRI) 7 
127) 


Mme values of the product a; a, are the same as before 


R0. 7 1 4d j and so, the autocorrelation function remains 


the same. 


bal 





3. Since the autocorrelation function is the same if 
Bie sequence 1s reversed or complemented, it follows that it 
will be also the same if the sequence is reversed and comple- 
mented. 
come sequences are their own reverse. These sequences 
Bee zealled here symmetric and will be denoted by the letter S. 
For example the sequence A = 1001, when reversed gives 


A 
T 


1001 = A. In this case only the sequence itself and its 
ss i nt need to be considered. The sequences A = 1001 and 
A = 0110 have the same autocorrelation function. 

For some sequences, complementing and reversing givesthe 
same sequence. These sequences are called here R sequences. 

For example, the sequence A = 000111 when reversed and 
complemented gives A, oo az 'ππη- Έπ5ε only the 
ce itself and its reverse need to be considered. The 
sequences 000111 and 111000 have the same autocorrelation 
Pome clon. 

It is assumed that the number of sequences having the 
fame autocorrelation function is either two or four. it has 
not been shown though that there does not exist any other 
number of sequences such as 3 or 5 or 6, etc., that have the 
same autocorrelation function. In this work, it has been 
verified by exhaustive computer search for sequences of various 
lengths, that the number of sequences having the same auto- 
correlation function is either two or four. 

When an R sequence is reversed and complemented, the ones 


of the R sequence become the zeros of the reverse complement. 


D 





So, an R sequence has always the same number of ones and zeros. 
Therefore, an R sequence is always of even length. 
' ο καποιες, tor length n = 3, there will not be any R 
sequence, since n is odd. 
so far it has been established that: 
(1) There are only four sequences with the same auto- 
correlation function, provided these sequences are not S or R. 
(2) There are only two sequences with the same auto- 
correlation function, if these sequences are R or S. 
(3) S sequences can be of any length. 
(4) R sequences can be only of even length. 
For example, all the sequences of length n = 2 and their 


ENroocorrelation functions are: 


Sequence Autocorrelations 
00 O 
OL Ze "Lam 
10 a ls Ὁ 
η. ο O 


Here there are two S sequences, 00 and 11, with the same 
autocorrelation function = 2, 1, 0. Also, there are two R 
sequences, 0l and 10, with the same autocorrelation function 
zur, -1, 0. 


Another example of length n = 3 is: 


63 





Sequence Autocorrelation 


000 O 

001 UMSS U. 
010 nee 
011 Πα 
100 O Ἱωμιβ 
101 O 
110 OE T 
Tien d. O MP 


Here there are four sequences which are neither R nor S, 
ANTES 00. 110 with the same autocorrelation function 
OE =L, 0. Also there are four S sequences: 000, 111, 010, 
101. The sequences 000 and 111 have the same autocorrelation 
function 3, 2, 1, 0 and the sequences 010 and 101 have the 
same autocorrelation function 3, -2, 1, 0. In this example 
there is no R sequence since n - 3 is odd. 

Next the exact number of R and S sequences will be 
established among all the possible sequences of length n. 
The maximum number of binary sequences of length n is given 


by p. 


Piemseauences of n = 1 ape 0 and i. The number of 
BEESeguences is two. So S = 2 here;(0, 1). For n = 2 all 
EEsuenees are 005 01, 10; 1T. Here S = 2:(00, 11), R = 2: 
Mi anda os R= 4., Forn = 3, the possible sequences are 
OO O10, O11, 100, 101, 110, 111. Here S = 4:(000, 010, 
Bea) R = 0 and S + R = h. Going to n = 4, it can be 


Bpecmmtnat S = ¥, R=4 andS + R= 8. 
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The relation between n and S and R can be derived by 
considering the mechanism of moving from a sequence of length 
EM ον next one of length n + 1. 

For example, the sequences of n = 2 are formed by taking 
the sequences of length n = 1 and adding in front of each of 
them a zero and a one, one at a time, so the number of sequences 


for n = 1 is doubled and all the possible sequences of length 


n . ::τοσπεςα,. By doing so, the following can be noted: 
(a) When moving from n even to ntl which is odd, the 
S + R sequences in n is equal to the S sequences in ntl. 
(b) When moving from n odd to ntl which is even, the 


meen 1S half the S+ R in ntl. 


8 sequences and 


ss emplea, for n = + there are 5 * R 
for n = 5 there are S = 8, but moving to n = 6 gives S + R = 16. 

So, moving from an even length to the next keeps the number 
S + R, but moving from an odd length to the next doubles the 
ER number. 


Using formulas it can be written: 


(G n = even, (S t o = ο 
S E 
νο η = odd, COM . (ο R) +1 


Now, considering the following short table cu So ra. 


terms of all possible sequences up to length n = 10, the 


relation between n and S + R can be obtained. 
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n S 
I 2 
2 y 
3 4 
4 8 
5 8 
6 16 
7 16 
8 32 
9 32 
ΠΠ 64 
mt? 
lorum even, S + R = 2 2 eee oo 
Dot 
2 


ned. S TUR s 2 


The number of different autocorrelation functions contained 
in all possible sequences of length n is derived as follows. 
If this number is denoted by T, two cases are considered. 


(a) nis even. Here all the possible sequences number 


J 


n 2 


2 Also the number of S and R sequences is S + R= 2 By 


g@edueting S + R from e of sequences equal to 
n2 
OE is obtained. It was established before that since 
itu 


SE. n 2 
these remaining 2 - 2 Sequences contain no R or $ sequences, 
το 
n 2 


they have — different autocorrelation functions. The 


+ 


-— 2 


; S and R sequences have Ç 7 different autocorrelation 


p 





2 
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Eimerions. So finally, all the 2” sequences have 








pud 2 n+2 
meee 2^ 
iy + —,— different correlation functions. By re- 


arranging this result, the final formula for n even is derived 


(T) -- 2s 
even 


(b) n is odd. Similarly all possible sequences here 














nel πι. 
number 2". Also, S + R = 2 2 , Deducting the 2 ^ S + R 
— pos 
πον n m νο 
sequences from 2 gives 2 - 2 sequences with m 
dn erent autocorrelation functions. So, all the of sequences 
nel Πρ] 
on _ 9 2 2 2 
have EE 5. different autocorrelation functions 
sn the final form 
n-l 
2 
_ ,n-2 2 
Δ: 


Two examples are taken 


Caen 7 
NES 
(T) odd zi D ES SE 
So the 2! = 128 possible sequences of length 7 give only 36 
different autocorrelation functions. 
ο). π - 10 
5 
8 2 
E + — = š 
een 2 ° 272 
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So, by using sequences 10 bits long, at most 272 different 
autocorrelation functions can be obtained from the ο. = 1024 


possible sequences. 
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VE. COMPUTER SEARCH FOR "GOOD CODES 


In this section the computer programs for obtaining sequences 
with "small" autocorrelation sidelobes are discussed. These 
sequences or "good" codes are found by applying mainly the 
results of the previous section. Because of the large number 
of different sequences of length n for even modest values of n, 
it is necessary to use a digital computer to search for "good" 
Sedes. Practically, an exhaustive search is limited to η « 20 
with present digital computers. 

Ps Small lengths (up to n = 10) it is possible that a 
programmable calculator can be used to find the autocorrelation 
function of one sequence at a time. This was done with a TI-59 
programmable hand calculator by storing each element of the 
sequence in a memory location. Then the autocorrelation function 
was formed by multiplication of the proper elements in each 
τους. In this Case, +1 and -1 is used for the elements 
su λε Sequence. 

The algorithm for computing the autocorrelation function 
of a sequence on a large computer (IBM-360) is constructed. 
Meese is given Τη Program 1 on page 111. In this program the 
autocorrelation funetion of only one sequence can be computed. 
The sequence has to be punched on a computer card. A small 
modification gives Program 2 on page 112 which gives 
the option to find the autocorrelation functions of any number 
of sequences. Each of these sequences has to be punched on 


a separate card. 


69 








In these computer programs and also all the next ones, the 
sequences are represented with zeros and ones. The algorithm 
fer finding the autocorrelation function has been made by 
comparing the number of like and unlike elements in every 
position. 

To avoid punching the sequences on the cards, a program is 
@reated to generate automatically all the possible oe sequences 
at length n. This is accomplished by counting in binary from 
O to 2” and thus generating all the binary numbers of length n. 
This program is combined with the program for the computation 
of the autocorrelation function. So, every time a sequence is 
generated, its autocorrelation function is formed. This is 
Program 3 on page 113. 

Since only the different autocorrelation functions are of 
interest here, a program is written to select only those codes 
having different autocorrelation functions. To understand the 
operation of this program, consider the following example. 

Take all the sequences of length n = 4 and the corresponding 


en ocorrelation functions. 
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sequence Autocorrelation 


0000 O 

0001 E A Ὁ 

0010 O 
0011 ee De) ee 
0100 ντ. Ὁ 
0101 O O 
0110 NE^ Y n 
0111 imde η τρ 
1000 a. O wi 
πουν ile = Ὁ 
1010 OR ee 
lona: O O 
1100 μαι το eG 
1101 A νο 

71400 ee 
E jp LO 


There are a total of 2" - l6 sequences. After the eighth 
sequence 0111, the other sequences are complements of the 
first eight ones. So, they give no new autocorrelation 
function, and therefore they do not need to be taken under 
consideration. In the first eight sequences there are two 
Pairs with the same autocorrelation function 0001 and 0111 
Enmdeadso 0010 and 0100. So, only six different autocorrela- 
tion functions remain. The general way to proceed is to take 

n 


each sequence in the first 5-, reverse it, complement it and 


reverse complement it and then keep only the original sequence 


pni 





and reject the others, since they have the same autocorrela- 
tion function. Here two cases are considered. 
(a) The sequence ends in 0. 

ln that case its complement and reverse comple- 
ment will start with one, so they belong to the sequences after 
the first a ος ο αμα need not to be considered: In that case 
only the reverse of the sequence is taken. 

(b) The sequence ends in 1. 

In that case its reverse and complement will start 
with one, so they belong to the sequences after the first B ones 
and need not to be considered. In that case only the reverse 
ement 15 taken. 

Now, the program takes each sequence as it is generated and 
reverses it if it ends in 0, or reverse complements if it ends 
in 1. If the resulting sequence represents a smaller binary 
number than the original one, this means that the resulting 
sequence was generated before and its autocorrelation function 
already taken, so there is no need to be taken again, and the 
program goes to the next sequence. The procedure is repeated 
Patt. all the first 2 sequences are finished. This way only 
Enercodes having different autocorrelation functions are listed 


EN the printed output. 


For example, in the case of n = 4 the result is as follows: 


ο. 


Sequence Autocorrelation 


0000 DNE O STENT 

0001 EM TTE RE 
0010 ice qe lee ῃ 
Dom τ... τυ 
0101 d 2 
0110 E M TU 


And the number of different autocorrelation functions is EE 


which is in agreement with the formula 


4/2 2 
. 4n-2 Du _ x .- 
ο... = E + 7 — 2 + F τὰ 6 





The program which generates automatically the sequences 
of length n and computes only the different autocorrelation 
functions is Program 4 on page 114. An example for n = 10 ls 
given on page 84. 

All the different autocorrelation functions are not needed. 
Only those with small sidelobes. So a filtering procedure has 
to be introduced in the program to keep only those auto- 
correlations which have sidelobes equal or smaller than a pre- 
determined level. Program 5 on page 115 generates automatically 
the sequences of length n and prints only those different auto- 
correlation functions with sidelobe levels equal or less than 1. 
Mate e =se the lengths n = 10, 11, 12, 13, 15, 17 and 20 
Were examined, and the number of different autocorrelation 
Minetions found with sidelobe levels equal or less than 1 were, 


EE ecıyveilvy, 11, 1, 16, 31, 0, 40, 3. 
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n sunmtepresting to note that for n=ll there is only one 
such autocorrelation which is a Barker code (a sequence with 
sidelobes between +1 and -1). For n=15 no such codes exist, 
and for n=20 only three were found. 

For the case n=20 it was not possible to make an exhaustive 
search because of the computer time required. Using 30 
minutes of computer time, only three such autocorrelation 
functions were found. It is estimated that about 2 hours of 
computer time is required to make an exhaustive search. 

It is evident that for lengths greater than n=20 even with 
a large computer an exhaustive search is impractical. 

There is though a way to search regions of big sequences. 
Computer Program 6 on page 3116 was used to search for a region 
F {ΠΕ n-20 case with no new results. 

Mee results for the cases n-10, 11, 12, 13, 17, 20 


e@ewlisted on pages 96, 98, 99, 101, 105, 110, respectively. 
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νο ορ οπου» 


Complementary sequences, almost complementary sequences 
and codes with small sidelobes can be used in communications, 
ranging and spread spectrum systems. This section lists some 
possible applications. 

Two complementary sequences can be transmitted simultane- 
ously using a quadriphase phase-shift keying (QPSK), for 
example. Two complementary sequences A and B are applied to 
r i modulator. The output ao is a sine wave with a 
phase which can have one of four values. In the receiving 
system, Dal) is demodulated. The outputs of the demodulator 
are the sequences A and B. Each sequence is processed by a 
matched filter and the outputs of the two matched filters 
added. Then the output of the summer will have one main lobe 
and no sidelobes. Fig. 14 illustrates this system. 

Almost complementary sequences with positive sidelobes 
can be used to measure doppler. In Fig. 15 such a scheme is 
shown. The almost complementary sequences A and B of length K 
give after summing positive sidelobes at t = i Ξ K from the 
main lobe. Each of them is processed by a matched filter and 
the two outputs of the matched filters added. The output of 
the summer is connected to a counter in such a way that the 
Brose pulse (main lobe) enables the counter and the second 


τ (cidelobe) inhibits the counter. When doppler is 


τν 









ORSK 
Modulator 


(a) Transmitter 







QPSK 


Demodulator 


(B) Receiver 


Figs 14, 7 OPSK System. 
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no sidelobes 





Ἀλίτ) + Rp (Tt) 





(a) Wesum of the autocorre larıone. 


| τ 
L 
e Ἀλίτ) + Rp (Tt) 
ΠΕ. Rg(T) 
B 2 
(b) Receiving system. 


Fig. 15. System to measure doppler. 


τη 





introduced to the system, the distance between the main lobe 
and the sidelobe will change by an amount proportional to the 
Hoppler. The contents of the counter is, then, a measure of 
he doppler. 

Codes with small autocorrelation sidelobes can be used in 
spread spectrum systems. They can be used as "chip" sequences 
and as means for synchronizing the remote oscillators in such 
systems. They can also be used in surveillance and ranging 
systems because they provide accurate and unambiguous time 


measurements. 
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AMAT PRES UE ESPADA CONC LOS TON 


The study presented in this thesis had as a main objective 
the discovery of means of generating "good" codes. Good codes 
imply binary sequences having autocorrelation functions with 
small sidelobes or no sidelobes at all. 

mie results of the search for good codes in this study are 
the following: 

(1) Almost complementary sequences were discovered. 
These are constructed by using complementary sequences. The 
Sam Oi the autocorrelation functions has two sidelobes only of 
pHedictable level, polarity and position. 

(2) Computer programs for obtaining sequences with 
autocorrelation functions having sidelobe levels less than 
predetermined desirable levels were prepared and used. These 
computer programs reveal that for sequences of length n = 15, 
there are no codes with sidelobes less than or equal to l. 
There is only one such code for n = 11 (which is a Barker code) 
and for n = 20 three such codes were found without exhausting 
no ssibilities. For lengths greater than n ~ 20, an 
exhaustive computer search is impractical. A partial search 
can be made though by searching regions of these sequences 
with a special computer program. 

The search for good codes resulted also in the following: 

(1) A formula which gives the number of the different 


autocorrelation functions for all possible sequences of length n. 


qd 





(2) A computer program which can generate automatically 
all sequences of length n and give their different autocorrela- 
Bon functions. 

Some application of these codes were also considered. 
There are some suggestions for further research. 

(1) Supplementary and cyclic complementary sequences 
and their properties could be further investigated and appli- 
cations developed. 

(2) Applications of the sequences presented here 


could be implemented with hardware. 
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APPENDIX A 


COMPUTER OUTPUTS AND PROGRAMS 


Six computer programs are included in this report and 
seven computer outputs which are the results of the search 
for the "good" codes. In the programs, the sequence length 
1s denoted by L. 

Program 1 computes the autocorrelation function of one 
Beemence, by comparison of the elements of the original 
Sequence and its shifted replica. The length L of the sequence 
and the sequence (CODE (I)) have to be punched on separate 
cards. 

Program 2 computes the autocorrelation functionof any 
humber of sequences of the same length. The number of the 
F πο has to be specified in the loop DO 150. The length 
of the sequences and each of the different sequences have to 
Bespunched on separate cards. 

Program 3 generates all the possible sequences of length 
Mmeomade computes their autocorrelation function. Only the 
MRE TL has to be punched on a card. Everything else is 
Homerautomatically. Thus, punching of the sequences on cards 
1s avoided. 

Program ! computes only the different autocorrelation 
functions of all sequences of length L. This is done by the 


algorithm explained in Section VI. The program produces 


81 





everything automatically and only the length L has to be 
specified and punched. 

Program 5 computes the different autocorrelation functions 
Stem Sequences of length L which have sidelobes less or 
2] to one. The length L has to be specified. 

Program 6 searches only a region of all sequences of 
K Ln L and computes the different autocorrelation functions 
with sidelobes less or equal to one which exist in this region. 
meme the length L and the starting sequence (SCODE (1)) have 
to be specified and punched on different cards each. All the 
sequences before the starting sequence are ignored. This was 
done because for long sequences, a complete computer search 
iesimpractical. 

There is a computer output which lists the different auto- 
correlation functions for 211 sequences of length 10. The 
Et the outputs list the "good" codes and their autocorrela- 
Bee imetions for lengths 10, 11, 12, 13, 17 and 20. The codes 
Led in all computer outputs are printed with the most signif- 


Nut bit on the right. 
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CODE 


UR 


CODE 
JCODE 


SCODE 


PRINCIPAL VARIABLES USED 


binary sequence 

autocorrelation function of a binary sequence 
length of a binary sequence 

variable used to complement a binary sequence 
variable used to reverse a binary sequence 
starting sequence when a region of the binary 


sequence of length L is searched 


a 





'FUNCTIONS 


ALL DIFFERENT AUTOCORRELATION 


FOR ALL SEQUENCES OF LENGTH 10 


LIST OF 


AUTOCORRELATION 


SEQUENCE 
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